Available online at www.sciencedirect.com

JOURNAL OF
SCIENCE DIRECT®

C @ SOUND AND
sl VIBRATION
LSEVIER Journal of Sound and Vibration 281 (2005) 1175-1185

www.elsevier.com/locate/jsvi
Short Communication

The use of a dynamical basis for computing the modes of a
beam system with a discontinuous cross-section

Teresa Tsukazan

Instituto de Matemdtica, Universidade Federal do Rio Grande do Sul, P.O. Box 10673,
90.001-970 Porto Alegre, RS, Brazil

Received 9 June 2003; accepted 6 April 2004
Available online 15 December 2004

1. Introduction

In this work we determine the modes and the frequency equation of Euler—Bernoulli beams
with discontinuous properties in the transversal section by using a dynamical basis which is
generated by a fundamental solution of a fourth-order differential equation [1-4].

Free vibrations of stepped beams have been studied by several authors applying exact
and numerical techniques. We can cite Gorman [5], Jang and Bert [6,7], Nagulseswaran [8—10],
De Rosa [11-13], Vu et al. [14], Turhan [15], Korenev and Reznikov [16], Krylov [17], among
others. The frequency equation and mode shapes have been formulated in terms of the classical
Euler basis involving the roots of the associated characteristic polynomial of a fourth-order
differential equation. The use of the dynamical basis allows the identification of factors that
frequently appear in the literature, as well as writing the frequency equations and modes in a
compact form.

We consider beams subject to general boundary conditions, which include non-classical
conditions, such as the ones found when seeking the modes of a column partially immersed in
fluid, as considered by Uscitowska and Kotodziej [18]. The continuity conditions of the physical
properties are formulated at the position of the discontinuity. The case of an intermediate support
at the discontinuity is also discussed. For the sake of clarity, in eigenanalysis we employ a matrix
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approach. The same methodology can be applied to other types beams that resulting from diverse
approximations as discussed by Han et al. [19].

The matrix formulation is done in such a way that the modes are obtained from the product
of a boundary matrix and a basis matrix that involve values of the dynamical basis at points
located on the boundary and points where the discontinuities are located. The boundary matrix
carries coefficients associated with the boundary conditions and with the discontinuous
properties. This allows considering beams with more transversal sections with discontinuous
properties. It simply keeps the bordering lines and columns that correspond to the fixed but
arbitrary boundary conditions and expands the conditions for discontinuous properties inside the
boundary matrix.

In the work of Lee and Ke [20], a non-uniform beam is first approximated by a beam with a
finite number of step beams. For each stepbeam a fundamental basis is introduced. The
Wronskian of this basis is normalized to be the identity matrix at x = 0. The resulting basis is just
a sort of normalization of the dynamical basis to express a solution in terms of the initial data at
x = 0. The study of frequency equations usually involves the analysis of transcendental equations
that arise by using the trigonometric—hyperbolic representation of the elements of the dynamical
basis. Other approaches could be considered by writing a frequency equation in terms of a
dynamical basis.

In this work we propose a simple and effective method to study the problem of the free
vibration of a spring-restrained free-supported beam, which is quite different from all previous
studies.

2. Modal equation for beams with discontinuous cross-sections

Let us consider a double-span Euler—Bernoulli beam with a discontinuous cross-section. A
flexural movement is represented in the beam by v((z, x) in the first segment and by v»(¢, x) in the
second segment. The movement is then described by the Euler—Bernoulli model [22,23] in each
segment of the beam

0%v1(1, x) o*u1(1, x)
,011417 +E111T—0, O<x<u, (1)
pPrA> or 2472 ot 0 u )

with the usual parameter description. For free vibrations of the harmonic type whose spatial
distribution amplitudes are X {(x), X»(x) in each segment, as shown in the Fig. 1, we can substitute
them into Eq. (1) to obtain the spatial modal differential equations

X0 —aip A1) = 0, X57(0) = axpy A2 X(x) = 0, 3.4

where
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Fig. 1. A bi-segmented beam with a discontinuity in the cross-section and an intermediate device.

The mode is then given by

)

v Xi(x), 0<x<yp,
(x) = Xo(x), u<x<L.

For the case of beams with one discontinuity, the solution for each segment can be conveniently
written as

Xi(x)=dno, +daud, +dsips + dapy = WPi(x)dy,

Xo(x) =dpy +dny + dos + dppy = Wa(x)da,

where W (x) = [¢(X), P1(x), P3(x), Pp4(x)] is a solution basis of Eq. (3), d; is the column vector
with components d,d>;, d31,ds4; employed for describing the mode in the first segment, ¥, (x) =
[ (%), Yo(x), Y3(x), Y4(x)] is a solution basis of Eq. (4), and d, is the column vector with
components d, d», d3y, dsy employed for describing the mode in the second segment. Generic
boundary conditions of classical or non-classical nature can be written as

A1 X1(0) 4+ B11 X1(0) + C 1 X7(0) + D11 X7'(0) = 0,

A1 X1(0) + B X1(0) + C1oX7(0) + D1nX7'(0) = 0,

AnXa(L) + By Xo(L) + Co X5(L) 4+ Dy X5/ (L) = 0,

AnXy(L) + BynX5(L) + Cp»X5(L) + Dn X3 (L) = 0. (6)
The continuity conditions for the displacement, the inertia moment, the bending moment and the

shear force at the discontinuity point u of the transversal section, including an intermediate
device, can be written in general as

EnXi(w) + FuXi(w) + GuX{(w) + Hu X' (0
= EpXo(w) + FiuX5(w) + G X5(w) + Hin X5 (w),
EnX () + Fu X () + Gu X7 () + Ha X' ()
= EnXo(w) + FuX5(w) + G X5 (1) + Hn X5 (). (7)
The substitution of Eq. (5) with the above description into the boundary and continuity
conditions leads to the matrix system

Uc = 0, ®)
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where

U =RBD, c= :

d
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Here, the matrix 4 carries the coefficients associated with the boundary and continuity conditions

(6) and (7). It is given by

(A1 By Cy Dy O 0 0
Ap B Cp Dp 0 0 0
0 0 0 0 En Fn Gy
0 0 0 0 Ey Fy Gy
=10 0 0 0 Eu Fu Gy
0 0 0 0 E4y Fqa Ga
0 0 0 0 0 0 0
0 0 0 0 0 0 0

The matrix @ carries the values of the

discontinuity point, that is
[ ¢1(0)
¢1(0)
10)
1)
¢, (1)
¢ ()
¢1 (1)
(W
0

S O O O o o O

$,(0)
$5(0)
5(0)
7(0)
$ (1)
4
5(w)
5 (1)
0

S O O O o o O

$5(0)
$5(0)
5(0)
3 (0)
b5(1)
d5(1)
qm
(W)
0

S O O O O O

0 0 0
0 0 0
Hy, —-En —Fp
Hy —E» —Fp
H3 —-Eyp —Fyp
Hy —Epn —Fp
0 0 0
0 0 0

0

0
-Gy
—Gx
—G3n
-Gy

0

0 0
0 0
0 0
0 0
0 0
0 0
Ay Bn
Axn By

0 0

0 0

0 0

0 0

0 0

0 0
Cy Dy
Cn Dy

)

solution basis at the ends and the conditions at the

$4(0)
¢4(0)
4(0)
4 (0)
P41
A
()
4 (1)
0

S O O O o O

0

S O O O o o O

0

(W
¥ ()
W ()

V()
(L)
Wi(L)
Yi(L)

V(L)

S O O O o o O

0

Yo ()
¥ ()
qm)
qm
V(L)
Wh(L)
S(L)
Y(L)

S O O O o o O

0

%(M)
A
qm
qm
W5(L)
¥5(L)
W3(L)
Y(L)

S O O O o o O

0

Wa(u)
A
2
4 (1)
Y4(L)
W4(L)
4(L)
oy

(10)

Non-zero solutions of Eq. (8) are obtained for frequency values that satisfy the characteristic

equation

det(#) = 0.

(11)



T. Tsukazan | Journal of Sound and Vibration 281 (2005) 1175-1185 1179
3. The dynamical basis

To solve the modal equation (8), it is necessary to introduce a basis suitable for determining
matrix (10). From the many mathematical bases available for the fourth-order equation

4
w*pA
PP (12
it is convenient to choose one that makes Eq. (10) as sparse as possible. This is accomplished by

choosing the dynamical or fundamental basis [1,3] which is generated by the solution /4(x) of the
initial value problem

XWX —e*X(x) =0, & =apd=

K (x) — e*h(x) = 0,
h(0)=0, H(@0)=0, A'@0)=0, #H"0)=1I, (13)
and it first three derivatives 4'(x), h"(x), h"(x). In terms of the traditional spectral basis,
constructed using the roots of the associated characteristic polynomial P(s) = s* — &*, that is,
¥ = [sin (ex), cos (&x),sinh (ex), cosh (ex)],

we have that the fundamental solution /(x) has the following representation with respect to the
spectral Euler basis:

sinh (ex) — sinh (ex)
263 '
As mentioned in the introduction, the dynamical basis appears in the mathematical literature as

well as factors or as normalized basis in several works already mentioned.
We consider in the first segment the dynamical basis

Y, = [h(x,e),h (x,e),h"(x,¢), K" (x,¢)]
and the translated dynamical basis
o = [h(x — &), ' (o — p o), W' (x — pye), h(x — p,e)]
for the second segment. Then we choose
$;(x) = D0 e, Y0 =D (x — pen), j=1,2,3,4

The fundamental response /(x, €), has the same shape for each segment, but depends on different
values that the following parameters defined in Ref. [6]:

g = Wa%plAl, o =2~0g, 0=
4[pr A +[Ex>

= , o = —_ 16

@ ‘/plAl ‘/Elll (16)

take in each segment of the beam. The frequency will be then given by

EI
o (L1
W =& /—F. 17
1 111 ( )

h(x) =

(14)

; (15)

SRS
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¢1(x) = h(x, &) =

Vi (x) = Mx — p, &) =

sinh (g1x) — sin (g;x)

3
2¢]

b

sinh (ex(x — w)) — sin (e2(x — u)).

3
263

Replacing the values at x = 0, using the initial values of h(x) and differentiating Eq. (13) for
higher-order derivatives, we have that matrix (10) with basis values becomes more sparse, that is

Let us set

Then the modal equation %¢ = 0 has

0 0 0 1 0 0 0 0 7
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
o) o) P3() D) 0 0 0 0
o1 () 3w Pi(w) O 0 0 0
P11  Pr(w i) Piw O 0 0 0
YW 5w oY ¢ 0 0 0 0 (s
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 YD) YD) Ys3(L)  Yu(l)
0 0 0 0 Wi Yh(L) YL (D)
0 0 0 0 YD)  Y5(L) Ys(L)  y(L)
0 0 0 0 V(W) Yy L) YW vy |
$y(x) = R0 81), y(x) = K7 (x = i, e0). (19)
[D;y Cui Bu An 0 0 0 0
Un U Uz Uy —Hp —Gpn —Fp —Ep
Uy Ux Uy Uy —-Hp —-Gn —Fn —Exn
U= , (20)
Usi U, Usz Uy —Hzny —Gyn —Fn —Exn
Uy Up Uy Uyy —Hp —Gyp —Fgp —Ep
0 0 0 0 Vi Vi Viz Vi
0 0 0 0 Vi Vo Vo Vo
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where

Uj= Endy(1) + Fudy(w) + Gudsy(w) + Hupy(),  i,j =1,2,3,4,
Vlj = A2lw1](L) + BlepZJ(L) + C21w3j(l‘) + D2iw4j(L)) l = l, 27 ] - 17 27 39 4 (21)

4. Modes for discontinuous beams without intermediate devices

For a beam with discontinuous cross-section without any device at the discontinuity point u of
the transverse section, the continuity conditions are

X1(w) = Xo(w), X\(w) = X5(w), (22)
XG0 = o X5, X7(0) = o X5 (), (23)
where
+[ExD>

For this kind of conditions, the matrix % becomes

(4, By Cy Dy 00 00 0 0 0 0 0 0 0 0 ]
Ap Bp Cp D 00 00 0 O 0 0 0 0 0 0
0 0 0 0O 1.0 0 0 -1 0 0 0 0 0 0 0
0 0 0 0 0100 O -1 0 0 0 0 0 0
4= 0 0 0 0 0010 0 0 —o* 0 0 0 0 0 | (25)
0 0 0 0 0001 0 O 0 —o* 0 0 0 0
0 0 0 0O 00 0 0 O O 0 0 Ay By Cy Dy
0 0 0 0 0000 0 O 0 0 A» Bn Cxn Dy
It follows that the modal matrix is of the type
[ Dy Ci By An 0 0 0 0
Dy Cp B Arn 0 0 0 0
P ¢ ¢z duw) 0 0 0 -1
= G2 P()  Pra()  Prg() O 0 -1 0 (26)
/ P31(0) D) P33()  da(w) O -t 0 0

Pa1() Py by3()  Pgg() —ot 0 0 0
0 0 0 0 Vi Vo Viz Vi

0 0 0 0 Vor Vo Vi Vo

where the components Vj; are determined from Eq. (21).
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5. Discontinuous beams with an intermediate support
For a beam with an intermediate support at the discontinuity x = u, the matrix 4 becomes

more sparse since the displacement condition at the discontinuity point u is now zero and the
shear force is not considered. We have

(A, By Cip Dy 0 0 0 0 0 0 0 0 0 0 0 0
Ap By Cip Dp 0 0 0 0 0 O 0 0 O 0 0 0
0 0 0 0O 1 0 0 0 0 O 0O 0 0 0 0 0
0 0 0 0O 0 0 0 O0 1 O 0 0 0 0 0 0
%= 0 0 0 0O 01 0 0 0 -1 0O 0 0 0 0 0
0 0 0 0 00100 0 —a* o0 0 0 0 0
0 0 0 0O 0 0 0 0 O0 O 0 0 Ay By Cy Dy
0 0 0 0O 0 0 0 0 0 O 0 0 Ay By Cyn Dy
It follows that the modal matrix is of the type
[ Dy Cu By An 0 0 0 0 ]
Dy Cn B Ay 0 0 0 0
o) b G G 0 0 0 0
) 0 0 0 0 0 0 0 1 27
Y= 10000 dn) dn du 0 0 —1 0| (
G31() P () P 0 —ot 0 0
0 0 0 0 Vi Vi Viz Vi
0 0 0 0 Vor Voo Vo Vo

where the components V; are computed from Eq. (21) by substituting the coefficients
in Eq. (5 corresponding to the continuity conditions. We observe that the pre-
sence of an intermediate support simplifies the matrix % and the modal analysis becomes
simpler.

6. A spring-restrained free-supported double span beam with an intermediate support

For a free-supported double span beam with an intermediate support
and restrained with a rotational spring of elasticity constant k = xEI/L at the right end,
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we have
[0 1 0 0 0 0 0 0 ]
1 0 0 0 0 0 0 0
hu,er)  H(uwe) (e  H'(we) 0 0 0 0
0 0 0 0 0 0 0 1
YT W) We) Be) Awey 0 0 -1 o |0 @
W'(ue) H"(we) BVe) B e) 0 —ot 0 0
0 0 0 0 h(y,e2) h(p,e2) h'(p,e0) W' (p,e)
0 0 0 0 Uss Uss Us7 Uss
where

Ugs = kh'(y, &) + Lh'(y, &),
Usy = k" (,82) + LI™(y, e2),

Uss = kh"(y, ) + LI (3, ¢2),
Uss = ih™(p,62) + LIV, ).
From the modal equation, it follows that di3 = dj4 = d>4 = 0. Setting d;; = 1, we get
H'(pen) +h"(wendia =0, H"(u,e1) + H™(w, e1)d1a — dos = 0,
h(u, e1) + hY(u,e)dyn — adyy = 0,
h(y, e2)day + I (y, e2)day + H'(y, £2)d23 = 0,

(kch' (0, &2) + LI (y, e2))da1 + (ch” (7, 82) + L" (p, £2))d2 + (ch”' (7, &2) + Lh" (7, £2))d23 = 0.

The modes are then given by

¥ h(x,e1) 4+ a1k (x, €1), 0<x<H,
V=1 oot 62) + o (v, 02) + 03l (x2), p<x<L.
where
o =dpn, 0y =dy, o0n=Dn, 013=dys,

dy = H"(w,e1) + elh(u, e0d1n,  dan = ellh(i, 1) + H (1, £1))d 12,

g?h/(% SZ)h/(,us 81) + S?h//(’}), 82)}1(#, 81)[0(4d12 + 1] + 0‘4h”(% 82)}1///(#, 81)
oa*h(y, &) ’

b= H'(, €1)
h(u,e1)”

As before, the substitution of these coefficients into the last equation of the system #¢ = 0 leads to
the characteristic equation

A = det(W) = H'(y, e2)dar + H" (7, e2)das + ™y, £2)d 23 = 0.

dy =
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7. Concluding remarks

The frequency equation and the modal system of Euler—Bernoulli beams with discontinuous
cross-section have been formulated in terms of the dynamical basis generated by the fundamental
solution A(x) of a fourth-order differential equation. This allowed us to determine the modes in a
systematic manner in terms of /(x) and its derivatives. This methodology can be applied to other
kinds of beams that result from diverse approximations such as Rayleigh, shear beams or
Timoshenko beams as discussed in Ref. [19]. In this case, Eqgs. (18)—(21) are of the same form.
Only shape (14) of the generating solution /(x) of the dynamical basis changes for each model.
The use of the fundamental solution allows us to reproduce by limit operations the known results
for continuous cross-section beams. Also, we should observe that the two methodologies
proposed by Low [21] can be unified by choosing the dynamical basis, since /(x) is actually the
Laplace inverse transform of the transfer function of the fourth-order differential equation.
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